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We fix a collection f = (fi,..., fi) of tropical polynomials in n variables with respective . .
Uiyeess i) Examples Nullstellensatz for Sparse Tropical Polynomial Systems
degrees (dy,...,dy).
fi = 1©221 @ 1o @ la12s fi = 1@ 4a1 @ 1y & 32129 Theorem The system [ V O has a solution x € R" iff there exists a vector y € R in the tropical
. . Consider (E1): < fo = 060z & 1y and (Eb) fo = 0P 021 & 1z . . ;. - ..
Motivation i = 20, ® 0z, i = 2, @ 0y | right null space of the submatrix Mg of M, where £ is any subset of Z" containing a nonempty

Canny-Emiris set .

The Newton polytopes assoclated to both systems and their Minkowski sum are as follow.

Theorem (Tropical Dual Nullstellensatz, [GP18]) The polynomials of | have a common root
r € R"(ff there exists a vector y € R with m = (N;:n) in the tropical right null space of o Corollary The system f V 0 has a solution z € R" if and only if the truncated Macaulay tropical

the truncated Macaulay matrix M y for = linear system My © y V 0 has a solutiony € R™ for N = dy + - - - + dj.

N = (n + 2) (dl + e+ d/{) . B B RV s R (S VA
0 By 00 o Qo 0 Bo The Canny-Emiris construction
Question : What is the smallest possible value of IV such that this result holds and how can this LG @ & Qi@ Y
result be expressed for sparse polynomials? . : :
P P POy Ford = (—1+¢, —1 + ¢) with € > 0 sufficiently small, we obtain the Canny-Emiris set If f V 0 has a solution x € Rn, then Y = (ij>p€g/ of x is a solution to ./\/lg/ ®©y V 0.
£:=(Q+6)NZ" ={(0,0),(1,0),(0,1),(2,0), (1,1),(0,2)} Otherwise we apply the Canny-Emiris construction from [CE93] and [Stu94] but in a
Trooical Polvnomials corresponding to the set of monomials {1, x1, 29, ¥, 7122, 23}. The associated matrices are potentially non generic case. If p € (), then (p — 0, h(p — J)) is in the relative interior of a facet
P y | 21 @y 20 mmy T2 | 21 @y 2 mimy T2 F of hypo(h), and F' can be written as F} + - - - + F}, with F; faces of hypo(h;).
fi /1 2 1 1 \ fi (1 4 1 3 \ . - . . . .
Tropical semiring: Ro, = (R U {—0c0}, ®, ®) with & = max, ® = +, zero element 0 := —oc £, (O 0 1 Hlo o 1 Smce f does not have a common root, at least one F; s 2 singleton. Consider the maximal index
: — oy T | O 0 1 o Tfa| O 0 1 7 such that F; = {a;} is a singleton. The couple (j, a;) is called the row content of p.
and unit element 1 := 0. MY = Lt 0 0 1| ad MP= % ) N J J J
| | | | | | N . p—ai
r € R is aroot of a tropical (Laurent) polynomial p whenever the maximum in the expression s 20 fs| 20 !Fp = S.and if (7, a;) is its row content, then the support of the polynomial X*~% f; is included
Z1/3 2 0 Z1f3 2 0 in £. This allows us to construct a square submatrix Mege = (M) () eexe of Me.
\ . 0’ ) (p.p/)EEXE
(@) = €D pa ©2°° = max(p, + (2, ) s 0 b \ 0/ N | o B
~ acA F F F . " N The matrix Mgg = (M) (p p)cexe obtained by setting M,y = my,y — h(p’ — 0) is tropically
. . . ‘ o (a) The arrangement of tropical varieties of the polynomials from the system (£ ). (b) The subdivision of () associated to (/). dia o“a" dominant and there{:ore ItS tro ical I"i ht nU” space iS reduced to (]:D and thUS thlS
s attained twice, where A C Z" is the support of p. This is denoted as p(x) V 0. ® , g y ) P g Pg 10,
o . _ is also the case for Mgg, hence there does not exist y € R® such that M © y V 0.
y is in the tropical right null space of a ¢ X m matrix A = (a;;) whenever forall 1 <17 </, the 0] ©y @y
maximum in the expression
- (2.0 ® 0 0 Perspectives and related results
@ ij O Yj = 11%'85571(&73 + ) = 0.1) &_© . (31)
j=1 T \ The optimal value of N seemsto be d; + - -+ + dj, — max(n, k — 1).
is attained twice. This is denotedas A ©y V 0. S @) (3,0) Tropical resultant polynomial based on [JY13] and generalizing tropical Cramer’s theorem from
[AGGO8] in the case £ = n + 1.
The MacaUIay matrix (c) The arrangement of tropical varieties of the polynomials from the system (£5). (d) The subdivision of @) associated to (F5). Positiveste"ensatz 'FOI" SYStemS O'F the {:orm fjL — f_ and f+ Z f_.
@
Generalization to any tropical semiring obtained from a totally ordered group with bottom
° . . . . . . (0,3) (1,3) y P g y g P
The Macaulay matrix associated to f is the (infinite) matrix M = (my; 4) ) indexed by o element.
([n] x Z") x Z", where my; 4) 5 corresponds to the coefficient of X” in the tropical polynomial “— - O
X R
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Set for 1 <1< k, QZ = COHV(AZ') the Newton POIYtOPe of fz and Q = Ql —+ - 4 Qk S, o o [Stu94] Bernd Sturmfels, On the Newton Polytope of the Resultant, Journal of Algebraic Combinatorics (1994) 3(2):207-236
The upper hull of the lifted support {(a, fi o) : @ € A;} is the graph of a function h; with TN o
support (; and if i := Iy O - - - O Iy, where O denotes the sup-convolution, then s
hypo(h) = hypo(hl) R hypo(hk). / & N0 308N\ 0.0
The projection of hypo(h) onto () yields a coherent mixed subdivision of (). < 2 s P
g lrezia—
Canny-Emiris subsets of 7" L o) o @ iz 2 AP POLYTECHNIGUE
0,0) = fi (1 2 1 1 \ "C\IP PARIS
Canny-Emiris set associated to f : any set of the form £ = (Q) + 0) N Z" with ¢ a generic vector (1,0) = fs A
‘n the i d; : he affine hull of For the system ([} ), we obtain the matrix ./\/lgg - (0,1) = f |0 0 1 which is nonsingular.
In the linear space directing the atnne hull o Q (2,0) = z1f3 2 0
(1,1) — x2f3 2 0
02 = af \ 0 0 1)

For the system (L), for y = ver(—3, —1) = (0, =3, —1, —6, —4, —2), we obtain /\/1(52) ®y V0.
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